Abstract. This paper is concerned with the sampled-data based adaptive linear quadratic (LQ) control of hybrid systems with both unmeasurable Markov jump processes and stochastic noises. By the least matching error estimation algorithm, parameter estimates are presented. By a double-step (DS) sampling approach and the certainty equivalence principle, a sampled-data based adaptive LQ control is designed. The DS-approach is characterized by a comparatively large estimation step for parameter estimation and a sufficient small control step for control updating. Under mild conditions, the closed-loop system is shown to be stable. It is found that the key factor determining the performance index is the estimation step rather than the control step. When the estimation step becomes too small, the system performance will become worse. When the estimation step is fixed, the system performance can indeed be improved by reducing the control step, but cannot reach the optimal value. The index difference between the sampled-data based adaptive LQ control and the conventional LQ optimal control is asymptotically bounded by a constant depending on the estimation step and the priori information of the parameter set.
Introduction
Systems with Markov jump parameters belong to the category of "hybrid systems", which are emerging as a convenient mathematical framework for the formulation of various design problems such as target tracking, fault tolerant control and manufacturing processes, etc. [18] . Considering that the deterministic controllability of each subsystem (A i , B i ) does not ensure the existence of finite steady-state control for Markov jump system (MJS), Ji and Chizeck introduced the stochastic controllability and stabilizability concepts, gave sufficient and necessary conditions for continuous-time MJS, and derived the linear quadratic (LQ) optimal control in [12, 13] . When the system state is continuously measurable, Sworder [23] solved the quadratic optimal Keywords and phrases. Sampling control system, Markov jump parameter, adaptive control, double-step approach, stochastic noise, least matching error estimation.
regulator problem of linear MJS with stochastic noises; Dufour and Betrand [6] , Caines and Zhang [3] , Huang and Guo [10] considered stabilization controls of various stochastic jump systems; Xue and Guo [26] presented sufficient and necessary conditions on adaptive stabilization for discrete-time linear MJS where a distinguishable condition is appended to the general assumptions. When only output observations are available, Elliott and Krishnamurthy [7, 8] presented a class of finite-dimensional filters for continuous-time stochastic systems with time-varying parameters, and an expectation maximization algorithm to get maximum likelihood estimates of the unknown parameters involved.
We consider the sampled-data (SD) based adaptive LQ control of MJS with unknown jump parameters and stochastic noise: dx t = A(θ t )x t dt + B(θ t )u t dt + C(θ t )dW t , (1.1) where x t ∈ R n , u t ∈ R m are system state and input, respectively; {W t , F W t } is normal Brownian motion defined on probability space (Ω, F , P ) with F W t = σ(W s , s ≤ t); {θ t , F θ t } is a stationary Markov process taking values on a finite set S = {1, . . . , N}, where F θ t = σ(θ s , s ≤ t) with transition probability matrix [25] P (τ ) = [P ij (τ )] = [P (θ t+τ = j | θ t = i)] = e Λτ , τ ≥ 0.
(1.2)
Here Λ = (λ ij ), λ ij ≥ 0, j = i, and
For simplicity of expression, here and hereafter we suppose the initial time t 0 = 0, initial state x 0 and initial parameter θ 0 are constants; for each matrix F (θ t ) depending only on θ t , we denote F (θ t ) as F i when θ t = i, that is, F i = F (θ t )|θ t = i. For example, denote A(θ t )|θ t = i as A i , and B(θ t )|θ t = i as B i .
In the following study of the SD-based adaptive LQ control, we have two purposes: one is to design an SD-based adaptive control to stabilize the system (1.1); and the other is to study the impact of sample size on the following quadratic performance index:
where R i > 0, Q i ≥ 0. The idea of using digital computers as components in control systems emerged around 1950 and there was substantial development of digital computer technology in 1960s. Practically, most control systems developed today are based on computer control (SD-based control) [1] . Since 1960s, many significant results have been obtained on SD-based control, for instance, robust SD-based adaptive control [19, 28] , robust SD-based constrained control [9] , SD-based adaptive tracking control [15, 21, 29] , SD-based optimal control and L p stabilization control [14] , robust SD-based stabilization analysis [20] , and so on. For SD-based control design, the choice of sample step is always the primary task, since improper sample step may destroy the controllability and stability of the sampled system. Ilchmann and Townley specially discussed the methods of choosing sample step in [11] . For MJS with known parameters and stochastic noises, Yao and Zhang found that small sample step always favored the LQ performance [27] . For MJS with unknown parameters which is free of noises, Tan et al. pointed out in [24] that the following SD-based adaptive LQ control u t = −L(θ kh )x kh , t ∈ [kh, (k + 1)h), (1.5) θ kh = arg min i∈S x kh − e (Ai−BiL( 6) approached to the conventional control in terms of system performance as the sample step went to zero. In other words, the smaller the sample step is, the closer the LQ performance index under the SD-based control is to the true optimal value.
However, the systems discussed in this paper is much more intricate than the cases mentioned above, since the parameters not only obey with Markov jump process but are also unknown, besides, the system is with stochastic noises. By (1.2), when sample size is sufficiently small, the transition probability of the system jumping from subsystem [A i , B i ] to another subsystem [A j , B j ] is approximately λ ij h. Hence, for linear MJS, the changes of the norm of state x caused by different subsystems while jumping from the same initial state during same period, is linear with the sample size h. On the other hand, the standard difference of sequence W kh derived from sampling the Brownian motion is linear with h 1 2 . As a consequence, when Brownian motion and unknown jumps co-exist in the systems, if the sample size is much more smaller than 1, then the state norm difference induced by the system noise will much greater than that induced by the jumps, that is, the information used to estimate the jump parameters will be spoiled by the noise. Consequently, small sample size is not always favorable to the parameter estimation, and hence, to the performance of the SD-based adaptive control. In this case, the SD-based adaptive control is no longer asymptotically optimal as the sample size goes to zero, and reducing sample size is no longer the best strategy to improve system performance.
Based on the above analysis, considering the coupled influence of Markov jumps and Brownian motion on the estimation of system state, in order to minimize the influence of Brownian motion and optimize the LQ performance index, we introduce a double-step (DS) approach to design SD-based adaptive control. Precisely, we use two different steps to construct parameter estimation and feedback control, respectively. One step is used to estimate system parameters, denoted by h * , called estimation step; the other is to design SD-based control, denoted by h, called control step. It is found that to get a good performance index, it is better to choose a comparatively large step for parameter estimation, and a sufficiently small step for control updating. Under mild conditions, the stability of the closed-loop system is proved. It is pointed out that the estimation step is the key to determining the performance index. When the estimation step is fixed, the performance index can indeed be improved by reducing the control step, but cannot reach the optimal value. The index difference between the SD-based adaptive LQ control and the conventional LQ optimal control is asymptotically bounded by a constant depending on the estimation step and the priori information of the parameter set.
The rest of this paper is organized as following. In Section 2 we design the SD-based adaptive control. In Section 3 we give our main result Theorem 3.1 and analyze how the estimation step and the control step influence the system LQ performance index. In Section 4 we give some preliminary lemmas and the proof of Theorem 3.1. In Section 5 we illustrate our result by a simulation example. A brief conclusion of this paper is given in Section 6.
Design of the SD-based adaptive control
In this paper we only discuss the following case where: (i) for each i ∈ S, A i , B i are known but θ t is unknown; (ii) the system is with stochastic noise; and (iii) only the sampled information of the system state x kh are available. So, in this paper, we have new information coming in only at the sample time instant, and have only the sampled state information rather than the complete state information available for estimating the jump process θ t and designing the adaptive control law.
By the condition on the jump parameter, almost all sample paths θ t are constant except for a finite number of simple jumps in any given finite time interval. So, we can define the paths of x t in an obvious way by joining solutions arcs of (1.1) at jump points of θ. The x t sample paths so determined are then continuous with probability one [25] .
Consider the following MJS which is free of stochastic noise 
with L(θ t ) being constant for each value of θ 0 ∈ S, and L(θ t ) < ∞ such that for a symmetric positive definite matrix Π,
According to [12] , if ∀i ∈ S, [A i , Q 1 2 i ] is observable, then a necessary and sufficient condition for [A(θ t ), B(θ t )] to be stochastically stabilizable is that for any positive definite matrix R i and non-negative definite matrix Q i , the coupled algebra Riccati equations
have a unique symmetric positive definite solution set {M i , i ∈ S}.
Remark 2.1. As pointed out in [27] , when parameters θ t of system (1.1) are known, the optimal and suboptimal values of the LQ performance index (1.4) respectively obtained under complete-state-information-based control and SD-based control are
and lim sup
where h is the sample step and M (θ s ) are the unique symmetric positive definite solutions of the coupled algebra Riccati equations (2.2). In this paper we study the LQ performance problem of system (1.1) when the jump parameter θ t are unknown and only the sampled state information can be employed for designing the adaptive control.
We apply the following Least Matching Error Estimation (LMEE) algorithm to estimate the unknown parameter θ t at time kh * for each positive integer k:
where h * is the estimation step. The SD-based adaptive control law is designed as:
where
and {M i , i ∈ S} is the unique symmetric positive definite solution set of the coupled algebra Riccati equations (2.2); h is the sample step, also the control step, satisfying N * = h * h ∈ N. In other words, at the beginning we calculate the estimateθ kh * of θ kh * using both the sampled data x (k−1)h * , x kh * , and the estimateθ (k−1)h * of θ (k−1)h * ; then we design the SD-based control by using the estimateθ kh * and the sampled data x kh * +lh on time interval [kh * , (k + 1)h * ). To maintain the advantage of small control step as in conventional cases, meanwhile to reduce the impact of system noise on parameter estimation, we propose to choose small control step and comparatively large estimation step. It is proved in the following section that the DS-approach can greatly improve the performance index.
We propose: firstly based on LMEE updating by estimation step, to estimate the unknown parameters on line; then by certainly equivalent principle, to design the SD-based adaptive control whose feedback matrix updating by control step; finally to analyze the stability and optimality of the closed-loop system.
Performance of the closed-loop system
We need the following assumptions: Remark 3.1. Assumptions 3.1 and 3.2 are the primary conditions of MJS when LQ optimal control problem is studied. By Assumption 3.1, the coupled algebra Riccati equations (2.2) has a unique symmetric positive definite solution set. Based on this solution set, one can design a linear feedback control law for the system (2.1) to minimize the LQ performance index (1.4).
Under Assumptions 3.1 and 3.2, if the estimation step h * and the control step h satisfy
3)
then with the SD-based adaptive control (2.4), the following results are true:
(1) the closed-loop system is stable in the sense of lim sup
(2) the LQ performance index satisfies lim sup
and {K i , i ∈ S} is the unique symmetric positive definite solution set of the following algebra Riccati equations
Here σ min (A) denotes the minimal singular value of matrix A.
Remark 3.2.
Because θ t is unknown, although we know that for any given time instant, the MJS's true dynamic is determined uniquely by one of those known subsystems, we have no idea about which is the exact one. To get a good controller, we should have the ability to distinguish the subsystem that determines the MJS's dynamic from other subsystems. Condition (3.1) is such one called distinguishable condition of the MJS, which ensures that each subsystem is distinguishable from the others. 
3) has more than one solution, at least including i and k. Hence, to ensure the uniqueness of the solution of our adaptive algorithm, we need the distinguishable condition. For one-dimension system, condition (3.1) is equivalent to distinguishable condition [26] (
For systems with a higher dimension, since
there must exist a small h 0 , such that for any h * ∈ (0, h 0 ], condition (3.1) holds.
As an example, let us explore a two-dimension MJS (1.1)-(1.2) with N = 2 and
Then, the gain matrices of feedback control are:
By simple calculation, it can be seen that
Remark 3.4.
If we only pursue the stability of closed-loop system without chasing better performance, then we can merely employ the one-step approach to estimate the system parameters and update the control law synchronously. In this case, conditions (3.2)-(3.3) can be simplified as
When calculating the LQ performance index and analyzing its upper bound, in order to simplify the calculation and get a smaller upper bound, we introduce condition (3.2) and (3.3) for selecting estimation step and control step.
As for condition (3.2), the first inequality is deduced to simplify the proof of Lemma 4.4 given below, which is a sufficient condition. Hence, in some circumstances, h * may be larger than that given by (3.2) . By the first inequality of (3.2) and the definition of γ 0 , we have 2c 1 h * e c1h * < 2c 1 e c1 h * < √ 2 − 1. As a result,
According to the solution of quadratic inequality
we know that for any
the second inequality in (3.2) holds. As for condition (3.3) , by the DS-approach we require h ≤ h * . Meanwhile, we need h ≤ 
Hence, the range of control step h can be solved through the following inequality
which is a key point in the proof of Lemma 4.3 of the next section.
Remark 3.5. According to Lemma 4.2 given below, parameters λ and λ 1 represent the transition probability of system parameter θ t . Precisely, they denote the probability upper bound of θ t jumping from parameter i to another parameter j on an interval with length h * . By (3.2), when the transition probability of θ t is sufficiently small (that is, λ and λ 1 are sufficiently small), the range of h * may be greater than that given by (3.2).
4. Proof of Theorem 3.1
Basic lemmas
In order to prove Theorem 3.1 we need the following lemmas. Lemma 4.1 comes from [24] and is listed here just for self-containedness. The proofs of Lemma 4.2-4.4 are put into Appendix A. 
where λ is given by (3.5). 
where i 0 , k ∈ S; λ and λ 1 are described by (3.5) , and 
So, by (A.10) one can get 2D 
Proof of Theorem 3.1
The proof of Theorem 3.1 is divided into three parts.
Part 1: Closed-loop system and its increment property
Firstly we give the closed-loop system. Let
where x denotes the maximum integer less than x. From the notations of (4.2), one can easily see that t ∈ [t , t + h). And by the remarks under (2.4), we have h * = N * h for some positive integer N * . Thus, l t ∈ {0, 1, . . . , N * − 1} is bounded. Applying the SD-based adaptive control (2.4) to the system (1.1), we have the following closed-loop system:
Hence,
where c 1 is described by (3.6). Then, by Gronwall lemma [5] we get
5)
Then, by Schwarz inequality and Fubini theorem [17] we have
Part 2: Stability of the closed-loop system
According to [12] and Assumption 3.1, the coupled Riccati equations
have a unique symmetric positive definite solution set [25] , by (4.4) and the SD-based adaptive control (2.4) we get
where A is an infinitesimal operator of associated process {θ t , x t }. We now analyze the last three terms on the right hand of the above equation (4.12) . For the last term on the right hand of (4.12), by (4.5)-(4.6) we have
where c 2 , d 1 , d 2 (t) are determined by (3.6), (4.7), (4.8), respectively, and
To study the third term on the right hand of (4.12), let
Then, for any positive integer K, by (4.6), (4.10), Fubini theorem [17] and Lemma 4.1, we have
Similarly, it can be shown that (4.14) still holds with Kh replaced by any given t > 0. Noticing that
by (4.14) we have the following estimates for the third term on the right hand of (4.12):
To study the forth term on the right hand of (4.12), let
When system (1.1)-(1.2) jumps on interval [(k − 1)h * , kh * ), by Lemma 4.2 we have the following estimates for the forth term on the right hand of (4.12):
and 
Since W t − W t are mutually independent, by (4.10), it is obvious that lim sup
Therefore, lim sup
by (3.2) we have where
. Thus, the closed-loop system is stable.
Part 3: On the LQ performance index
Denote
Then, similar to (4.13), (4.15), (4.17), (4.19) and (4.23) we have lim sup
where c 3 is defined by (3.7) and
Similar to equation (2.29) of [25] , with regard to the system (1.1) and the SD-based adaptive control (2.4) we have
where A is the infinitesimal operator of associated process {θ t , x t }. Hence, by Dynkin formula [22] we have
Associating Riccati equation (2.2) with the above equation, we get
Thus, by (4.24) we have
which derives (3.4), by the definitions of γ 3 and γ 5 (see (4.20) and the line below (4.23), respectively). Thus, Theorem 3.1 is true.
Remark 4.4.
By the proof and the conclusion of Theorem 3.1, the influence of system noise on the performance index is crucial. As control step goes to zero, the difference between the performance index under the SD-based LQ control and the optimal performance index under the complete-state-information-based LQ control does not approach to zero, but to some constant 340λγ 1 c 2 c 3 (
which is determined by the system parameter set and estimation step h * . It is worth noticing that the key error term is 17γ 1 c 2 (
2 h * , which has the order of h * −1 as h * decreases to zero. So, in order to reduce the upper bound (3.4), we propose to choose a relatively large estimation step h * within some admissible range, and a sufficiently small control step h for control updating. (3.2) is only a sufficient condition. And so, for a concrete system, the estimation step h * may be selected to be larger than that given by (3.2).
Simulation example
In this section, we will give a simulation example to show the influence of estimation step h * and control step h on the LQ performance index.
Consider 
First, we consider one-step approach to design SD-based adaptive control. In this case, the estimation step is equal to the control step, that is, h * = h. Two different values h = 0.005 and h = 0.0005 are taken, respectively. The index difference between the performance index J under SD-based LQ control and the optimal performance index lim sup
)ds under the complete-state-information-based LQ control can be expressed as
and depicted in Figures 1 and 2 , respectively. From Figures 1 and 2 it can be seen that when h * = h = 0.005, the index difference ΔJ is about 6 at the end of our simulation; but when h * = h = 0.0005, ΔJ is finally about 7. This tells us that by one-step approach, smaller sample step does not mean better performance index.
To get a clearer illustration about this observation, we run the simulation 25 times under h * = h = 0.005 and h * = h = 0.0005, respectively. As the existence of random uncertainty caused by Brownian motion and Markov jumping in system (1.1), from each simulation we get quite inequable index differences. To describe system index difference in an average way, also a reasonable way, we list the index differences ΔJ i as well as the mean index differences ΔJ = 1 25 Tables 1 and 2 . By simple calculation, in the first case (h * = h = 0.005), the mean index difference ΔJ = 4.1744; when sample step reduces to h * = h = 0.0005, ΔJ = 4.3822. Obviously, the performance index is neither asymptotically convergent to the optimal value nor decreasing smaller as h reduces. Actually, the performance index under the SD-based adaptive LQ control seems worse as the sample step becomes smaller in the case of the one-step approach.
Since the one-step approach cannot ensure good system performance, by Theorem 3.1 we employ the DSapproach to design SD-based adaptive control for system (5.1) so as to optimize the LQ performance index. For system (5.1), one can easily verify that distinguishable condition (3.1) holds for any given h * > 0. Noticing that too large estimation step h * is not good for parameter estimation, and hence, not favorable to the system performance, condition (3.3) given in Theorem 3.1 restricts the range of h * . By straightforward calculation, all h * in [0.0012, 0.0018] satisfy condition (3.3). In this example, the range of h * is indeed wider than [0.0012, 0.0018], which is consistent with the discussion of Remark 3.4. Actually, we can choose, for example, h * = 0.05 and h * = 0.005, respectively, in the following double-stepped simulation. To illustrate how greatly the DS-approach improves the system performance and how much the estimation step h * and control step h influence ΔJ, we run the simulation 25 times for each of the following three groups: (1) h * = 0.05, h = 0.001; (2) h * = 0.005, h = 0.001; and (3) h * = 0.05, h = 0.01. The differences ΔJ i and the mean differences ΔJ are listed in Tables 3-5, respectively. According to the simulation results listed in Tables 1, 3 and 4, we have the following comparison about the one-step approach and DS-approach:
• By the one-step approach, when h * = h = 0.005, the mean difference ΔJ = 4.1744. However, by the DS-approach, when estimation step is kept at h * = 0.005 and the control step is reduced to h = 0.001, the mean difference becomes 3.3068, which is obviously better than that obtained by one-step approach.
• By the DS-approach with estimation step h * = 0.05 and control step h = 0.001, ΔJ equals 0.0993, much better than that obtained by the one-step approach.
Based on the above analysis, DS-approach is obviously much better than the one-step approach in terms of system performance.
Relying on those simulation results listed in Tables 3-5 , we have the following observations about the impact of the DS-and the one-step approach on the system performance:
• With respect to the fixed control step h = 0.001, when estimation steps are taken as h * = 0.05 and h * = 0.005, respectively, the corresponding index differences ΔJ are 0.0993 and 3.3068, respectively. This indicates that for a given control step, too small estimation step may worsen the performance index.
• With respect to the fixed estimation step h * = 0.05, when control steps are taken as h = 0.001 and h = 0.01, respectively, the corresponding differences ΔJ are 0.0993 and 2.4464, respectively. This indicates that for a given estimation step, smaller control step may enhance the system performance. • From the third group h * = 0.05, h = 0.01, we see that when estimation step and control step are reduced (by the same percentage 90%) to h * = 0.005, h = 0.001, respectively, the index difference ΔJ increases from 2.4464 to 3.3068, and becomes worse. This together with the above two observations indicates that reduction of estimation step may be the key factor that worsens the system performance. In summary, the key factor influencing system performance is estimation step rather than control step. So, when designing SD-based adaptive control by DS-approach, in order to get a good performance index, a smart way is to choose a suitable estimation step h * and a sufficiently small control step h.
Conclusion
In this paper we study the SD-based adaptive LQ control problem of a class of MJS with unknown Markov jumps and stochastic noises, and analyze the influence of sample step on both the stability and the performance index of the closed-loop system. In order to reduce the co-influence of Markov jumps and stochastic noises on parameter estimates, system states and performance index, we introduce a DS-approach to design adaptive control. This DS-approach is characterized by two different sample steps. One is much larger than the other. The larger one is used to estimate the unknown Markov jumps so as to reduce the influence of the stochastic noise on the estimation accuracy and that of the system noise and estimation errors on the performance index. The smaller one is used to design the SD-based control, since the smaller the control step is, the more information on the system states can be obtained, and so, better controller can be obtained. With the assumptions that MJS is stochastically stabilizable and each subsystem is observable, we prove that the closed-loop system is stable under the double-stepped SD-based adaptive LQ control. It is found that in some circumstances, too small estimation step may worsen the system performance, although for the control step, the smaller the better.
one can get Lemma 4.2.
Proof of Lemma 4.3. Let
Then, spirited by the Taylor expressions:
from condition (3.3) we have
where d 1 is given by (4.7). By (A.1) and (A.3) we have
2), (A.4) and (A.6) we have
For any given matrices A and B, similar to Example x.4.2 in [2] , one can get
This together with (A.7) leads to
Hence, from (3.3), (A.5) and (A.8) we arrive at
which implies that the matrix 
